Abstract. We prove that Lempert function is not a distance on the symmetrized polydisc in dimension greater than two.
Introduction
A consequence of the fundamental Lempert theorem (see [9] ) is the fact that the Carathéodory distance and the Lempert function coincide on any domain D ⊂ C n with the following property ( * ) (cf. [7] ): ( * ) D can be exhausted by domains biholomorphic to convex domains.
For more than 20 years it was an open question whether the converse of the above result is true in the reasonable class of domains (e.g. in the class of bounded pseudoconvex domains). In other words, does the equality between the Carathéodory distance and the Lempert function of a bounded pseudoconvex domain D imply that D has the property ( * ).
The only counterexample so far, the so-called symmetrized bidisc G 2 , was recently discovered and discussed in a series of papers (see [2] , [3] , [1] and [5] , see also [7] ).
What remained open is the following natural question (see [7] ): Do Carathéodory distance and Lempert function coincide on the symmetrized polydisc G n for any dimension n ≥ 3?
The aim of the present paper is to give a negative answer to the above question proving that the Lempert function of G n (n ≥ 3) is not a distance. This implies that G n (n ≥ 3) does not have property ( * ) (for a direct proof of this fact see [10] ).
Moreover, we show that for any dimension greater than two there are bounded pseudoconvex domains not satisfying ( * ) and for which the Carathéodory distance and the Lempert function are equal.
Definitions and results
Let D be the unit disc in C. Let σ n = (σ n,1 , . . . , σ n,n ) : C n → C n be defined as follows:
is called the symmetrized n-disc. Recall now the definitions of the Carathéodory pseudodistance and pseudometric, the Lempert function and the Kobayashi pseudometric of a domain D ⊂ C n (cf. [7] ):
where z, w ∈ D, X ∈ C n . The Kobayashi pseudodistance k D (respectively, the Kobayashi-Buseman pseudometricκ D ) is the largest pseudodistance (respectively, pseudonorm) which does not exceedk D (respectively, κ D ).
It is well-know that
and if D is a taut domain, then
Repeat that for m ∈ N,
where z ∈ D, X ∈ C n (see [8] ). Note that G n is a hyperconvex domain (see [6] ) and, therefore, a taut domain. Observe that G n is also c Gn -finitely compact (see Corollary 3.2 in [4] ).
Our main result is the following.
Theorem 1. Let n ≥ 3 and let e 1 , . . . , e n be the standard basis of C n . Then for X 1 , X n ∈ C we have:
In particular, κ Gn ≡κ Gn and hence
Gn . Thus, G n does not have property ( * ).
Moreover, we get the following result.
Remarks. We do not know whether for n ≥ 3 it holds that γ Gn ≡κ Gn and therefore c Gn ≡ k Gn . It remains also an open question whether c Gn is inner. It seems not to be clear whether for a general bounded taut domain
2 ≤ m < 2n, exists for any point z ∈ D and any vector X ∈ C n .
In spite of Theorem 1, for any n ≥ 3 there are bounded pseudoconvex domains D ⊂ C n which do not have property ( * ) but nevertheless c D ≡k D .
On the other hand, if, in addition, G is convex (for example, G is the unit polydisc or the unit ball), then c D ≡k D .
Proofs
In the proof of Theorem 1 we shall need some mappings defined on G n .
For λ ∈ D, n ≥ 2 one may define the following holomorphic mapping (see Corollary 3.4 in [4] ) z 1 (λ) , . . . ,z n−1 (λ)) ∈ G n−1 , wherez j (λ) is defined as follows:
We may also define for λ 1 , . . . , λ n−1 ∈ D the holomorphic function
In the special case n = 3 after elementary calculations we get that for λ 1 , λ 2 ∈ D the following equality holds
Proof of Theorem 1. First, note that if λ ∈ T = ∂D, then the mapping (z 1 , z 2 , . . . , z n ) → (λz 1 , λ 2 z 2 , . . . , λ n z n ) is an automorphism of G n and κ Gn (0; λX) = κ Gn (0; X). Applying these facts, we may assume that X 1 , X n ≥ 0. Now, we shall prove that
Recall that
n − 1 n X 1 e 1 + X n e n−1 .
Since G 1 = D and γ D (0; X) = |X|, the inequality (1) follows by induction on n.
On the other hand, taking the mappings (note that
as competitors for κ Gn (0; e 1 ) and κ Gn (0; e n ), respectively, we get that
that is, the sufficient condition in (ii). Moreover, γ Gn (0; X 1 e 1 + X n e n ) ≤κ Gn (0; X 1 e 1 + X n e n ) ≤ X 1 κ Gn (0; e 1 ) + X n κ Gn (0; e n ) = X 1 n + X n which together with (1) 
implies (i).
It remains to prove the necessary condition in (ii). As in the proof of (1), we obtain that κ Gn (0; X 1 e 1 + X n e n ) ≥ κ G 3 0; 3X 1 n e 1 + X n e 3 .
Assume now that
κ Gn (0; X 1 e 1 + X n e n ) = X 1 n + X n and X 1 + X n > 0. In virtue of the estimates
it follows that
Since G 3 is a taut domain, there is a holomorphic mapping ϕ :
On the other hand, if λ 1 , λ 2 ∈ T, then as above
, where
Since g λ,λ (0) = 1, the maximum principle implies that g λ,λ ≡ 1. Now, varying λ ∈ T implies that
Setting x = 0 implies that a ≥ 0. Letting
Then the identity principle implies that either ψ ≡ 0 or ψ ≡ 1. Thus, either X 1 = 0 or X n = 0 which completes the proof.
Proof of Corollary 2. Fix a vector X = X 1 e 1 + X n e n . Applying Theorem 2.5 from [8] , it follows that for an ε > 0 there is a δ > 0 such that if |t| < δ, then |k Gn (0, tX 1 e 1 ) − κ Gn (0; tX 1 e 1 )| ≤ ε|tX 1 | and |k Gn (tX 1 e 1 , tX) − κ Gn (0; tX n e n )| ≤ ε|tX n |.
Hence, k
Gn (0, tX) ≤k Gn (0, tX 1 e 1 ) +k Gn (tX 1 e 1 , tX) ≤ |tX 1 | n + |tX n | + ε(|tX 1 | + |tX n |).
Therefore, lim sup
Gn (0, tX) |t| ≤ |X 1 | n + |X n |.
Taking into account the lower estimate viaκ Gn we finally get
Gn (0, tX) |t| = |X 1 | n + |X n | =κ Gn (0; X).
Therefore, Corollary 2 is proved.
Proof of Theorem 3. The second part follows by the equalities c G 2 = k G 2 and c G =k G , and the product property of c D andk D : c D = max{c G 2 , c G } andk D = max{k G 2 ,k G } (cf. [7] ).
Thus, lim ε→0 + f ε (0) = a + b 2 ∈ D for any a, b ∈ G 2 × {0}, that is, G 2 is a convex domain, a contradiction (for example, (2, 1), (2i, −1) ∈ ∂G 2 , but (1 + i, 0) ∈ G 2 ).
